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Abstract—For an efficient usage of the sensor technology,
several design factors (e.g., topology and sensing coverage)
should be taken into account. In this paper, we focus on
the underlying topology of sensor networks in two-dimensional
environments and enhance a set of recently proposed graphs
[1]. The new enhanced graphs are referred to as the Derived
Circles version 2 (DCαv2) graphs. We show that DCαv2
graphs are locally constructed, connected, have the rotation-
ability property, and have the Euclidean Minimum Spanning Tree
(EMST) as their subgraphs. Moreover, we show that the new set
of graphs has a bounded Euclidean/length and power dilation
when 0.5 ≤ α ≤ 1. Furthermore, via simulations, we confirm
most of these properties, and demonstrate that the DCαv2
graphs also have bounded Euclidean and power dilations when
0 < α < 0.5. In addition, we demonstrate that DCαv2 graphs
outperform the Half Space Proximal (HSP ) and the Relative
Neighbourhood Graph (RNG) graphs in terms of the network
dilation, Euclidean dilation, and power dilation. This, in turn,
increases the speed for message delivery, reduces the energy
consumption of nodes and accordingly prolongs the network
lifetime.

I. INTRODUCTION

There are various topological graphs used in sensor net-
works. These topologies determine the neighbouring nodes
of a given node. Among all the topologies, the Unit Disk
Graph (UDG) is a common graph that has been widely used
for routing where this functionality is one of the challenging
design factors of sensor networks. Unfortunately, routing on
UDG is not efficient since it keeps all the edges that can
be constructed between a node and its surrounding nodes.
Therefore, the UDG maybe considered a dense graph (i.e., its
number of edges is close or equal to the maximum number of
edges). As a result, running routing protocols based on UDG
takes considerable time to choose the next forwarding hop.
Moreover, having more edges makes several routing protocols
[14], [15] to have a significant delay in their routing procedures
(i.e., broadcasts). However, controlling the degree of nodes
has recently created the interest of studying other significant
factors (i.e., dilations (or stretch factors)) [13], [5], [8] where
these factors are effected by the degree of nodes improve-
ments. These dilations measure the power consumption and
the packet delivery speed for sensor networks.

Another drawback is that routing on UDG does not work
all the time, since the UDG topology is typically a non-planar
topological graph with crossing edges. These edges may cause

some routing protocols (e.g., face-based protocols [7], [16])
to enter loops. Thus, packet delivery is not guaranteed for
these protocols. Hence, one of the primary concerns in the
area of sensor networks is to develop algorithms that control
the network topologies [11], [12]. Given the fact that sensor
nodes are operated by limited battery power, have limited
amount of memory, and have topologies that are often not
available and may be dynamic, localized algorithms with prior
knowledge on neighboring nodes up to a fixed number of
distant hops, are ideally preferred. The reason for choosing
these algorithms is that they have the following properties
that are important for sensor network: 1) reducing the degree
of nodes, 2) bounding length/Euclidean and power stretch
factors [9] [10], 3) being power efficient [10], and 4) having
the rotation-ability property: if a graph (G) is rotated by an
arbitrary angle to form graph (G′), then the resulting sub-
topological graph of G′ (P (G′)) is not necessarily a rotation of
the sub-topological graph of G (P (G)). Therefore, running a
routing protocol on P (G) may yield different results compared
to the same routing protocol running on P (G′). This actually
affects the accuracy of the routing protocol evaluation and thus
misjudges the routing protocol performance.

There are various localized topological graph algorithms
([8], [2]). Generally, implementing and running routing pro-
tocols on these topologies improve their performance. We are
mainly interested in the recently proposed graph, which is
referred to as the Half Space Proximal (HSP) graph [8]. The
reason for choosing this graph, is that it is considered to be
a new graph compared to some other proposed graphs [10]
[2]. Moreover, we are interested in the Relative Neighborhood
Graph (RNG) [2] since this graph as well as our new set
of graphs share the property of having bounded forbidden
areas. However, unlike the RNG, the new proposed graphs
have dynamic forbidden areas which give all the possibilities
for nodes elimination between a current node and its nearest
neighboring nodes. The HSP, RNG, and some other existing
graphs [10] are proposed for ad hoc networks in general, which
can also apply to sensor networks.

An interesting work done by Chavez et al. [8] proposes
a topological graph referred to as the Half Space Proximal
Graph HSP(G), where G is a geometric graph. First a directed

�D-HSP(G) is defined as follows. At each node u in G, the
following iterative procedure is performed until all neighbors
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of u are either discarded or are connected with an edge. A
directed edge (u, v) is formed with the nearest neighbor v. An
open half plane is defined by a line perpendicular to (u, v),
intersecting (u, v) at its middle point, and containing v. All
nodes in this half plane are then discarded. The procedure then
continues with the next nearest non-discarded neighbor and so
on until all nodes have been discarded. The selected directed
edges determine the �D-HSP(G). The undirected HSP(G) is
obtained by ignoring the direction of the edges, yielding a
subgraph that may still have crossing edges. Among the prop-
erties shown in [8] for the HSP subgraph are the following:
it is strongly connected, has an out-degree of at most six,
contains the Euclidean Minimum Spanning Tree (EMST) as
its subgraph, and has the rotation-ability property. The main
drawback of the HSP is that it does not have an upper bound
for its length stretch factor [5]. Moreover, it does not have an
upper bound for its power stretch factor.

Another work done by Toussaint [2] proposes the Relative
Neighborhood Graph (RNG) that uses a forbidden area to
define the edges constructed between a set of nodes, where
the edges are considered undirected. The RNG graph is con-
structed as follows. An edge binding two vertices, u and v
∈ V , is in RNG if the intersection of the two circles centred
on two vertices each with radius |uv| does not have any other
vertex w ∈ V . The RNG has several properties, and they are
as follows. This graph is connected and contains the EMST
as its subgraph [2]. Moreover, this graph has the rotation-
ability property. The main drawback of this graph is that it
does not have a bounded length and power stretch factor [6]
[10]. In this paper, we propose a new set of topological graphs
which are referred to as the Derived Circle version 2 (DCαv2)
topological graphs, where 0 ≤ α ≤ 1. These graphs are
extended and enhanced from the Derived Circle (DCα) graphs
proposed by El Salti et al. in [1]. The new graphs permit the
control over the degree of the nodes while having the rotation-
ability property. Acquiring the rotation-ability preserves the
accuracy of the routing protocol regardless of the rotation of
the nodes. Furthermore, reducing the degree of nodes increases
the speed of the routing decisions performed on the DCαv2
graph. However, the DCαv2 graph does not remove too many
edges, since there is a need for these edges to improve the
different kind of dilations (e.g., Euclidean dilation).

Moreover, the DCαv2 graphs are shown to be locally con-
structed, connected, and have the Euclidean Minimum Span-
ning Tree (EMST) as their subgraphs. In addition, we show
that the new set of graphs has a bounded Euclidean/length
and power dilation when 0.5 ≤ α ≤ 1. Furthermore, via
simulations, we confirm most of these properties, and demon-
strate that the DCαv2 graphs also have bounded Euclidean
and power dilations when 0 < α < 0.5. In addition, we
demonstrate that DCαv2 graphs outperform HSP and RNG
graphs in terms of the network dilation, Euclidean dilation, and
power dilation where this is the first time in the literature that
the HSP is evaluated in terms of power dilation. Outperforming
the existing topologies in terms of length/Euclidean and power
dilations implies that less energy is consumed when forward-

ing a message in the DCαv2’s paths, which makes the DCαv2
to be power-efficient graph. As a consequence, the lifetime of
a sensor network is increased. In addition, outperforming the
existing topologies in terms of hop and Euclidean dilations
implies faster message delivery. All these properties strictly
impact the performance of any routing protocol that runs on
the DCαv2 topologies. Therefore, the DCαv2 graphs are
considered power- and time-efficient graphs.

The rest of the paper is organized as follows. Some geo-
metric concepts and metrics used in our proposed graphs are
presented in Section II. The Derived Circle (DCαv2) graphs
are proposed along their theoretical properties in Section III.
The DCα’s properties are demonstrated experimentally in Sec-
tion IV. Finally, concluding remarks are drawn in Section V.

II. PRELIMNARIES

Before presenting our new set of graphs, we first demon-
strate some of the geometric concepts and metrics that are
needed as a part of our solution.

A. Geometric Concepts and Metrics

In our communication model, a graph on the point set
S in 2-D, can be modeled as a weighted (undirected or
directed) graph G(S, E) where E is the set of edges (u, v)
between nodes u and v ∈ S. The 2-D position of the nodes
are assumed to be fixed and known via some positioning
techniques proposed in [4]. The weight of an edge (u, v) is the
2-D Euclidean distance |uv|. The weight of a graph is the sum
of its edge weights. Moreover, in our model, two nodes u and
v, where u �= v, are connected by an undirected edge if the
Euclidean distance between them is at most their transmission
range (Rc). The resulting graph is called a Unit Disk Graph
(UDG). For each node u, we denote the set of its neighbors
by N(u). The number of the neighbors of u is the degree of
u.

A subgraph of G, P (G), is defined as t-spanner of G if the
length of the shortest path between any two nodes in P (G) is
at most t times the shortest path between them in G, where t
is the stretch factor or the dilation ratio. The length of a path
is divided into three main types: 1) Euclidean path length1, 2)
network path length, and 3) power path length [10]. The first
type refers to the sum of all the hops’ Euclidean distances in
a path. The second type refers to the hop count of a path. The
last type refers to the sum of the consumed energy for the
edges in a path referred by p(π) =

∑q
i=1 ||vi−1vi||β , where

π refers to the path, q refers to the total number of nodes, vi

refers to a sensor node, and β is a constant parameter from
within the interval [2, 4] [10].

III. DESCRIPTION AND ANALYSIS OF DERIVED CIRCLE

VERSION 2 (DCαv2) GRAPHS

Although it was mentioned in [1] that the Derived Cir-
cle graphs (DCα) achieve connectivity, we show a counter-
example where they fail to achieve such property (see Figure

1Usually in the literature, a stretch factor implicitly means Euclidean/length
stretch factor. Otherwise the type of stretch factor is specified.
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Fig. 1. A counter-example for Theorem 2 in [1].

(a) (b)

Fig. 2. (a) DCαv2 graph chooses the second shortest edge, where α = 0.5.
(b) Node v runs the DCαv2 graph with α = 0.5.

1). In this figure, node z1 is the current node which arbitrarily
chooses the edge with node z2 as its shortest edge (t2 = t3).
The forbidden area that are displaced along the shortest edge
t2 eliminates the edge (z1,z3). Additionally, since the distance
between z2 and z3 is more than the communication range
(Rc), a disconnected topology is obtained. In this section, we
therefore propose a set of enhanced DCα referred to as DCα

version 2 (DCαv2) which not only achieves connectivity, but
also has a bounded Euclidean stretch factor, power stretch fac-
tor, and has the Euclidean Minimum Spanning Tree (EMST)
as its subgraph.

Each node u running the DCαv2 algorithm chooses a
neighbor, v, from the list of its neighbours N(u), that is
the nearest neighbouring node to u. Afterwords, a restricted
forbidden area (i.e., circle) is drawn with u as a center and
a radius d, where d is the distance between u and v. We use
the term α to parameterize the closed line segment between u
and v: (1-α)u + αv, where 0 ≤ α ≤ 1. Any particular choice
of α represents the position of the circle position between u
and v.

The circle eliminates any edge with a neighbor q with a
specific value of α, where q �= v, that falls into the circle if
and only if node u falls into the forbidden area, displaced with
the same value of α, drawn between q and its neighbor q1,
where q1 �= u. We repeat the same process for each sensor
node. This is illustrated in Figure 2. Notice that in Figure
2a, the centre of the circle is located at the midway distance
between u and z1. Also notice that the circle in Figure 2b is
centered at the midway distance between v and z2. The edge
between the current node and its nearest neighbor is preserved
while eliminating other edges that are longer and satisfy the
DCαv2’s criteria. This explains why the edges [v,z1], [v,z2],
[z1,u], and [z2,u] are preserved.

The definition of the D-DCαv2 (the directed version) is

summarized as follows.
Definition 1: Let G be a UDG with node set S. The

directed D-DCαv2 subgraph is defined as the graph with node
set S whose edges are obtained by applying the DCαv2(G)
algorithm on graph G using displacement parameter α.

Referring to the above definition, the undirected graph
DCαv2(G) is obtained by ignoring the direction of the edges
in D-DCαv2. In this paper, we are interested in the undirected
version. However, when setting α = 0, we simply refer to the
resultant graph as the UDG graph. This can be explained
as follows. When α is equal to zero, DCαv2(G) does not
eliminate edges, since there will be no neighbouring node z,
closer to node u than node v. The same applies when α is
very small, however, the DCαv2(G) may or may not eliminate
edges. Notice that the directions of the nearest neighbor do not
effect the construction of the DCαv2 graphs. Therefore, the
resultant subgraph is the same regardless of the orientation
of the point set S. Hence, the DCαv2(G) has the rotation-
ability property. The running time of the algorithm per node is
O(l2) where l is the degree of the node. After giving detailed
description of the DCαv2 graphs, along with the rotation-
ability property, we show additional properties for the DCαv2
graphs as follows. The new proposed theorems replace all
the theorems proposed in [1] since one of the new theorems
reprove the connectivity property, while the other theorems
are more important than those previously proposed in terms
of topology’s properties.

Fig. 3. A proof for Theorem 1.

Theorem 1: If G is a connected UDG, then the DCαv2
graph is also connected when 0 < α ≤ 1.

Proof: Assume that for every edge between a pair of
nodes in UDG, � any path �P between these end nodes in
the DCαv2 graph. Taking one edge, say [u,v] in UDG, �
any path �P between these nodes in the DCαv2 graph (see
Figure 3). One possibility for this is that ∃ a node z1:|z1u|
= H1|z1v|, where 0 < H1 ≤ 0.5, |z1v| ≤ Rc, and |z1v|
≤ |uv|, respectively. In addition, ∃ another node z2:|z2v| =
H2|z2u|, where 0 < H2 ≤ 0.5, |z2u| ≤ Rc, |z2u| and ≤
|uv|, respectively. Thus, all these distances represent edges in
G (UDG), and remain in the DCαv2 graph. However, the edge
[u,v] is eliminated when H1 = H2 = 0.5 for 0.5 ≤ α ≤ 1, and
the more H1 and H22 decreases (< 0.5), the more the values
for α (< 0.5) would enable the DCαv2 to eliminate the edge

2H1 and H2 are assumed to be equal.
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[u,v]. Therefore, even though the edge [u,v] can be eliminated
∀ α, ∃ �P between u and v in DCαv2. This represents a
contradiction.

Theorem 2: If G is a connected UDG, then a Euclidean
Minimum Spanning Tree (T) of G is a subgraph of the DCαv2
graph, where 0 < α ≤ 1.

Proof: This proof is based on the proof presented in [8],
and it is as follows. Assume that ∃ edge [u,v] in T, but � in the
DCαv2 graph. In addition, T does not include the edges [u,
z1], [u, z2], [v, z1], and [v, z2]. The possibility for not having
the edge [u,v] in the DCαv2 graph is similar to the possibility
mentioned in the previous proof using nodes z1 and z2. Based
on the fact that the T is connected, there should be a path �P
from u to z1 in T (via some nodes not shown in Figure 3).
Thus, removing the edge [u,v] from T and adding the edge
[z1,v] from the DCαv2 graph to T results in a new T’ which
has lower or equal weight (W+) to T, a contradiction. Also,
there should be a path �P from v to z1 in T (via some nodes
not shown in Figure 3). Thus, removing the edge [u,v] from
T and adding the edge [z1,u] from the DCαv2 graph to T
results in a new T’ which has lower or equal W+ to T. This
represents a contradiction. The same applies to paths from u
to z2, and from v to z2.

Fig. 4. A proof for Theorem 3.

Theorem 3: Let G be a geometric 2-D UDG and the
DCαv2 graph is a subgraph of UDG. Then, the stretch factor
of the DCαv2 graph, when 0.5 ≤ α ≤ 1, is at most two.

Proof: Assume the following. Node u = v(k+1) is con-
nected to node v0 in UDG, and nodes v1, v2 vk are between v0
and v(k+1). For simplicity, we assume k = 2, and Rc = 1. The
term Rc is calculated based on the sensing range (Rc = 2*Rs
[3]). In addition, the edge [u,v0] ∈ UDG but /∈ DCαv2 graph.
We mention the worst case and it is as follows (see Figure 4).
∃ node v1 that has an edge with u ([u, v1]) of length equal to
the length of the edge between v1 and v0 ([v0,v1]), and the
length of these edges is equal to Rc. Thus, � edge [u,v0] ∈
DCαv2 graph since placing a circle (forbidden area) between
u (current node) and v1 (its neighbor), where 0.5 ≤ α ≤ 1,
eliminates node v0 from node u’s list of neighbor. In order
to complete the condition for [u,v0] elimination, a circle is
placed between v0 (current node) and v1 (its neighbor) with α
equal to the α between u and v1. This eliminates u from node
v0’s list of neighbors. The Euclidean length (sum of Euclidean
distances) between u and v0 in the DCαv2 graph is therefore
bounded by a constant. Thus, the maximum stretch factor for
the DCαv2 graph when 0.5 ≤ α ≤ 1 is always less than 2Rc
= 2(1) = 2.

Theorem 4: Let G be a geometric 2-D UDG and the
DCαv2 graph is a subgraph of UDG. Then, the power stretch

factor of the DCαv2 graph, when 0.5 ≤ α ≤ 1, is at most
2β , where β is a constant parameter from within the interval
[2, 5].

Proof: Based on Lemma 2 in [10], a topological graph
with a stretch factor of at most y has a power stretch factor
of at most yβ .

IV. PERFORMANCE EVALUATION

In this section, we evaluate the performance of the DCαv2
graphs and compare them to HSP and RNG graphs [8] [2].
We first present the simulation model used along with the
evaluation metrics. Later, we show and discuss the obtained
simulation results.

A. Simulation Model

In our experiments, we used randomly connected Unit Disk
Graphs (UDG) on an area of 100 m × 100 m. We varied
the number of nodes, n, between 65, 75, 85, 95, and 105
nodes. For each UDG, DCαv2 graphs with α = 0.25, α =
0.50, α = 0.75, α = 1.0, HSP , and RNG are all generated.
The DCαv2, where α=0, is not evaluated since the graph is
obviously the same as the UDG graph. We set the transmission
range Rc to 15 units in all tested graphs. Furthermore, all the
obtained results are averaged over 22 graphs3.

B. Performance Evaluation Metrics

There are two main metrics used in our experiments. The
first metric is called the dilation and it is defined as follows.
P (G) refers to a subgraph of G, where G is the UDG. P (G)
is considered to be a t-spanner of G if the length of the shortest
path between any two nodes in P (G) is at most t times the
shortest path between them in G, where t is the stretch factor
or the dilation ratio. There are three types of dilations: 1) the
hop/network dilation, 2) the Euclidean/length dilation, and 3)
the power dilation. In this paper, we set the parameter β that
is used in the power dilation to two. However, we study the
upper and average bounds for the network, Euclidean, and
power dilations in order to find out the worst and general
behaviors for the DCαv2 graphs. The second metric is the
average node degree, where the node degree refers to the
number of neighbors of a particular node.

C. Simulation Results

From Figure 5, it is shown that even though the DCαv2
graphs, where 0 ≤ α ≤ 1, do not outperform HSP and RNG
in terms of the average node degree, they outperform UDG.
In particular, the DCαv2 graphs perform much better when
α > 0. This is because as α increases, the circle drawn in
DCαv2 has more chances to eliminate more edges. However,
as α reaches the value of one, DCαv2 can still remove edges,
but at the same time, there is a possibility that the circle does
not contain anymore neighboring nodes that used to be in
the circle when α is smaller. This explains why the DCαv2
graphs, when α = 0.5, 0.75, 1, exhibit similar performance in
terms of the average node degree.

3Confidence level is 95%.
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Fig. 5. Average node degree.

(a)

(b)

(c)

Fig. 6. (a) Maximum network dilation. (b) Average network dilation. (c)
Average network dilation for only DCαv2 graphs.

From Figures 6 and 7, the DCαv2 graphs outperform the
HSP and RNG graphs in terms of network and Euclidean
dilations (both maximum and average dilations). This can be
seen for all simulated values of α. We explain this behavior
based on Figure 5 as follows. As α increases, the DCαv2
graphs eliminate more edges. But since these graphs deal with

(a)

(b)

(c)

Fig. 7. (a) Maximum Euclidean dilation. (b) Average Euclidean dilation. (c)
Average Euclidean dilation for only DCαv2 graphs.

a forbidden restricted area (i.e., circle), they do not eliminate
too many edges as HSP and RNG do. Therefore, more edges
exist in the DCαv2 graphs. This implies that the DCαv2
graphs have higher possibility to find shorter paths than in
the case of the HSP and RNG graphs.

Additionally, there is another interesting behavior for the
DCαv2 graphs, which is clearly shown in Figure 6c, Figure
7c, respectively. As α increases, the dilation increases, how-
ever, when α reaches the value of one, there is a reflection in
the DCαv2’s behavior; i.e., the dilation decreases. The reason
for this behavior is that as α > 0.5, the circle drawn starts to
loose some nodes that were in the interior of the circle, and
more edges are consequently constructed. Hence, there is a
higher possibility to find shorter paths. This makes DCαv2
with α = 1 retrieve most of the short paths removed by
DCαv2 with α = 0.25, which explains the low values for
both network and Euclidean dilations for DCαv2 with α = 1.

As it can be seen from Figure 8 (both maximum and
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average dilations), the DCαv2 graphs outperform HSP and
RNG in terms of the power dilation. This is due to the fact
that the DCαv2 graphs, where 0 ≤ α ≤ 1, have smaller
Euclidean dilations than HSP and RNG (see Figure 7). This
means that the DCαv2 graphs, where 0 ≤ α ≤ 1, consume
less energy (i.e., battery power) of the sensor nodes than the
HSP and RNG graph do. This good performance contributes
to prolonging the lifetime of the network which makes the
DCαv2 graphs to be power-efficient.

It is also worth mentioning that the maximum Euclidean and
power dilations for the DCαv2 graphs when 0.5 ≤ α ≤ 1
is below a constant, which adequately validates Theorem
3 and Theorem 4, respectively. Moreover, the experiments
demonstrate that the DCαv2 graphs, when 0 < α < 0.5,
has maximum Euclidean and power dilations that are below
a constant. Another point to mention is that from our exper-
iments, we found that all the tested DCαv2 graphs, where
0 ≤ α ≤ 1, always remain connected. Thus, Theorem 1 is
also confirmed.

(a)

(b)

Fig. 8. (a) Maximum power dilation. (b) Average power dilation.

V. CONCLUSIONS

In this paper, we proposed a set of topological graphs
which are referred to as the Derived Circle (DCαv2). We
have shown that the DCαv2 graphs are locally constructed,
connected, power-efficient, have a bounded Euclidean and
power dilations, and have the rotation-ability property. Fur-
thermore, we demonstrated via computer simulations that the
DCαv2 graphs outperform HSP and RNG in terms of
the network, Euclidean, and power dilations. Achieving low
network dilations improves the performance of the underly-
ing routing protocol in terms of data transmission latency.

Furthermore, achieving low Euclidean dilation also shortens
the time for message delivery. This is in accordance with
the previous results obtained when measuring the network
dilation. In addition, achieving low Euclidean dilation strictly
means that the energy spent for transmitting a message from
one sensor node to another is low. This reduces the energy
consumption of the overall sensor networks, which therefore,
prolongs the lifetime of the network. Lastly, it is obvious that
when achieving low power dilation, the energy consumption
would be low. For future work, we will study routing based
on these new topologies.
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